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(12) 7.6 Hyperbolic functions (B)

[tanh x| < 1
|cothx| <1
d :
d—sinhx = cosh x fsmhx dx = coshx + C
X
d . .
d—coshx = sinh x jcoshx dx = sinhx + C
X
d—tanhx = sech? x f sech? xdx = tanhx + C
X
d
d—sechx = —sech xtanh x j sechxtanhxdx = —sechx + C
X
d
d—cschx = —csch x coth x j cschxtanhxdx = —cschx + C
X
d—cothx = —csch? x f csch? xdx = —cothx + C
X
2 : 2 2 1 ; _ .
cosh® x —sinh“x =1 cosh? x = > (cosh2x + 1) sinh 2x = 2 sinh x cosh x

1 — sech? x = tanh? x

cosh 2x = cosh? x + sinh? x

1
1 + csch? x = coth? x sinh? x = 5 (cosh2x — 1) tanh 2x =

2 tanh x
1 + tanh? x




(12) 7.6 Hyperbolic functions (B) P2

Example 1 Find y' if  x3sin7!(e3¥) + In(coshy) = xy 20 Nov. 2006 A
Solution
Rey sinh y
TN (3% 3 gt \
x?sin"1(e3*) + x _1_66x+coshyy 3y+xy
3ol

\[tanhy — x] = y — 3x?sin"1(e3*) — ——
y y y —

\ 2 win—1(,3% 3e%* 1
y\=|y—3x*sin" (e )—\/ﬁ[tanhy—x]

Example 2 Find Z_y if 8 October 1997

X

sinh(secy) + In(e* + 1) = coshy + sin~! x?

Solution
h(secy) t y+—— = cinn MbpnaE’"
cosh(secy) -secytanyy P = sinhy y o
\ = [cosh(secy) - secy t inhy] = o — &
y' = |cosn{secy)-secytany sinn’y —m eX + 1

dy 2 e* ] a1
==} ViiT T no 2 [cosh(secy) -secytany — sinhy |
Example 3 Find Z—y if 21 March 2007 A
X
y = (sin x)coshx __ T[sec‘lx + o™
Solution
o (sin x)coshx
Iny; = cosh xIn(sin x)
cos x

Y = sinh x In(sin x) + cosh x - —

1 inx
y\, = (sinx)*°**"*[sinh x In(sin x) + cosh x - cotx]
y, = msecTix 4 om
y\ = e x acn! Inm+0

2 xVx? —1

dy . . . . b 1

—=y\ +y\, = (sinx)"*[sinh x In(sinx) + coshx - cotx] + ©*°¢ ¥ ———Inm

dx xVx? —1

tanx 2In(sin™!x)

Example 4 Fna Sk, Jipoon SRS 22 July 2007

dx Y= esec(x3) 1/2 — x3

Solution
1
Iny = tanx In(tanh x) + In(sin"t x) In 3 — sec(x3) — Eln(Z —x3)

y. SR ) ot sech? x 1 1 3 —3x?
il ERIER ) g n3 - oo

tanhx  sinTlx /1 — 42
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(12) 7.6 Hyperbolic functions (B) P3

Example 5 Use logarithmic differentiation to find Z_y If 24 March 2008 A
b
(cosh x)sec " *
JJeXIn|x|
Solution
1
Iny =sec ! xIn(coshx) — 7%= Eln(lnlxl)
\ .
A 1 - _smhx MU B4
S evaZ 1 In(cosh x) + sec™" x coshx 22 I x
(coshx)Sec 1 1 1
\ = [ ln(coshx)+sec xtanhx — = — ————
Je*In|x| xVx? — 2 2xIn|x|

3 ; -2x
Example 6 Fnd & jf o Meoshx+tanhx(1+sin(e™™) o5 apii 2008
dx |x — cosh x|*
Solution
1
Iny = §ln(coshx + tanh x) + In(1 + sin(e™?*)) — x3 In|x — cosh x|
y\  sinhx + sech?x - =Raaiillcase=2 352 1n| Hir e 1 —sinhx
y  3(coshx + tanh x) 1 + sin(e~%¥) X O X Cosh x
\ sinh x + sech? x N —2e7?* cose™%¥ 352 1In| ha| — o 1 —sinhx
= 3(cosh x + tanh x) 1 + sin(e~2¥) A CACOR ' e A
Example 7 Evaluate the integral f (coth x) In(sinhx) dx 28 April 2009 A
Solution
) cosh x
t = In(sinhx) dt = — dt = cothx dx
sinh x ] i
F= f(coth x) In(sinhx) dx = J- In(sinh x) - (cothx)dx = f dt= s t?+c= 5 (In(sinhx))? + ¢
.
Example 8 Evaluate the following integra f z—xCOSh x dx 27 Nov. 2008 A
-
Solution
1—e%¥ e*(1 —e%%) e¥ —e™* _
I = f—_coshx dx = f—_coshx dxzf—coshx dxzfsmhxcoshx dx
2 eX-2e™* 2
Let t = sinhx dt = coshx dx

1 1
[ = jt dt=zt2+c=zsmh2x+c
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(12) 7.6 Hyperbolic functions (B) PA

Example 9 Evaluate the following integral f Vcoshx — 1dx 15 July 2003 A
Solution
vcoshx —1 - +coshx +1 Vcosh? x — 1
sz\/coshx—ldxzf dxzf dx
vcoshx + 1 vcoshx +1
Vsinh? x J sinh x )
ENR [y S R I =], o B SR T
Vvcoshx + 1 vcoshx +1
Let t=coshx+1 dt = sinh x dx

1
I:fﬁ dt = 2/t + ¢ = 2Vcoshx + 1 + ¢

tanh x

Example 10 Evaluate the integral dx. 24 March 2008 A
V4 cosh?x — 1
Solution
tanh x sinh x
I =f dx== dx.
V4 cosh?x —1 coshx V4 cosh?x — 1
Let t = coshx dt = sinhx dx
I f : dt 1[ 1 dt ! 2sec™ 12t + ~1(2 coshx) +
=Y. 1L ey, Ar = =— -2sec Cc = secC cosh x G
tVat2 — 1 2 SN, 2
t |t — )
Example 12 Evauate the integral f 3 d 22 July 2007
valu i X u
= tanh x Vcosh?2 x — 5 y

Solution

; f 5 d j‘ 5coshx J j 5coshx J
=] X = X = X
tanh x Vcosh?x — 5 sinhxVcosh?zx — 5 sinh x Vsinh? x — 4

Let t = sinhx dt = coshx dx

I—SJ 1 gt = & 1 _1<t>+ 5 _1<sinhx>+
= N =35 secT o)+ c =7 sec 5 c

Example 13 Evaluate the following integral f xtanh(Inx) dx 25 April 2008
Solution
| 1
enx_e—lnx X — = x2 —1
szxtanh(lnx)dxzfxﬁdx =fx %! dxzfx( )dx
Blr e i oy
X

—f()d—j(l Z)d—] Sl 0 1o o ot
= X X = X x2+1 X = X x2+1 x—zx nwx &
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(12) 7.6 Hyperbolic functions (B) P5

Example 14 Let y = Asinh(mx) + B cosh(mx) 27 November 2008 A

where A,B and m are constants. Show that y'' = m?y

Solution

y\ = Am cosh (mx) + Bm sinh (mx)

y"" = Am? sinh (mx) + Bm? cosh (mx)

y"" = m?[A sinh (mx) + B cosh (mx)]

y" =m?y

Homework
Use logarithmic differentiation to find y'
1

sinhxtan™1 x

- 3
Vcoshx cos~1 x

2 Find Z—i} if y =35 *(coshx)* 8 October 1997
Use logarithmic differentiation to find Z_y If 21 January 2004 A
X
§ B lx + 1|sin‘1x
V] (e‘x2 + sechx) V2% 4 x2
Use logarithmic differentiation to find ? if 22 June 2004 A
X
é 5 2 -1
= %+ 1 (1 +x2)xe(x +tan™!x)
v = cosh x 4+ sechx
sech x g Ay
5 |mna & g, Var-2 7 July 1997
= dx Inx (sin~1x)*
Use logarithmic differentiation to find y' If 29 January 2007 A
6 :
a (tanh x)S™* e
e et X
V3 —x
Use logarithmic differentiation to find Z_y where 25 August 2005 A
X
7

Y
xIncoshx g3sin Vx

V= H
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(12) 7.6 Hyperbolic functions (B)

Homework

oo

Find y' if yisdefined by the formula:

2Y = gsinT'x ginh 2 X

14 March 2002

G Eg ol 555 A B mo ) YR 13 March 2001 A
kv, d y 8s
— X
10 | Find % if xsinly+xe®hY —xy=x+y 2 March 1993 |
TERT X
|]_1 Find ? if  y2+1In|y.4]+xy+tanhx =0 5 October 1996 |
- X
|]__2 Find ? if xsinly+xehY _—xy=x+y 2 March 1993 |
— X
|L3 Find ? if  y2+Inl|y.4| + xy + tanhx = 0 5 October 1996 |
AT X
|]_4 Find ? if sinh(e*) + In(coshy) = x 10 March 1999 |
7 X
|1_5 Find Z—y if  sin7!(x +y) +ytan~lx + sinh(xy) = 0. 13 March 2001 A |
— X
|]_V6 Find ? if e =tan"(sinhy) + (1 + x)* 18 July 2005 A |
SR X
|£ Find y' if  x3sin"1(e3*) + In(coshy) = xy 20 Nov. 2006 A |
V.
18 | Evaluate the following integrals f Sl PN 11 October 1999 |
— 1+ 3 tanhx
hxd
| 19 | Evaluate the following integrals 190571 4X 2 March 1993 |
Gt \1 — sinh? x
" sinh x 9 October 1998
|L) Evaluate the following integrals sz & 19 March 2006 A |
|21 Evaluate the following integrals f M 20 Nov. 2006 A |
== 2 + sinh? x
h
|Q Evaluate the following integrals f A : dx 14 March 2002 |
i 4 cosh?x —3 sinh? x
o tanh x
23 | Evaluate the following integrals dx 31 10July 2010
L V3 sinh? x 4+ cosh?x — 1
TS sinh x L
24 | Evaluate the following integrals dx 32 Oct.317,2010A

ecosh x4 e—cosh X
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(12) 7.6 Hyperbolic functions (B)

P7

4 cosh?x + 5 *

Homework
(3 pts) Evaluate the tanh x
25 following integrals, Ny R dx 34 July 9, 2011
(3 pts) Evaluate the
26 following integrals. tanh(In(x)) dx 34 July 9, 2011
h
2 | Evaluate the following integral f costx 30 April 11, 2010
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(12) 7.6 Hyperbolic functions (B)

Example 1 Example 2 Example 3 Example 4
5
1 3 sin /x
fﬁ(“ﬁ) i r e f e
fxsin x? (1 + cos x?)dx 1 ex —e™x . 1
u=1+— u=1+x"? eX + o~* u= x u=x3
u= 1+ cosx? X 5 sz—dx 1 -2
du = —sinx? 2xdx du= —2x""dx e g0t du= - x3 dx
1 1 W e g 3
_—1du=xsinx2 dx —Edu=—3dx du = (e* + e )dx 3du = ! dx
. 1\3 I j L (x4 ey e
. 3 — - . |
I:f(1+cosx2)-xsmx2dx I=f<1+ﬁ) _dx ot _ o—% ol 1 lll fsini/f-3 _dx
_ 1 d __1_1 2 -1 5 -1 3 8 szldu=1n|u|+c Va?
—7 u u—T Eu +c = fu3du:— —u3 +c¢ u =3jsinudu
-1 g I =Inle* —e™*|+c¢
::T(1+Cosx2)2+c =1 1\3 = —3cosu-+c
:_1__<1+x_2> +c = —3 cosVx+c
Example 5 Example 6 Example 7
5cotx
f_z dx
sin? x 1
u = cotx du = —csc?x dx N plnx| |, =InXx X —=
_[2 *6%dx szxtanh(lnx) dxzjxﬁ dx =J-x X ) dx
—du = dx 1x 6X e 4+ e7 X x_l
sinzx 27X 6% = (_) 6% = (_) = 3X X
1‘[5“’“‘-de Z A = 1 dx = il —2 dx = 1 : d
sin? x ) I:fZ‘x61xdx —J-x x2+1 x—fx x2+1 x—fx( _x2+1) x
= — [5%du= —5% —+ :f3xdx=—-3x+c J 2x . _ 1
j u Ins ¢ In3 —fx—mdx—zxz—ln(x2+1)+c
_ _recotx , _
5 1r15+c
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